
Pi
ose
ond Timing with Cherenkov Light in a\Head-on" GeometryRobert D. S
hroll and Henry J. Fris
hJune 11, 2004Abstra
tWe dis
uss the use of Cherenkov radiation produ
ed by a parti
letraversing the window of a photomultiplier for fast time-of-
ight measure-ments for parti
le identi�
ation. We simulate the produ
tion of Cherenkovlight in several multi-
hannel plate photomultiplier tubes and predi
t thedete
tion of tens of photons per Cherenkov shower. Monte Carlo simula-tions suggest that time resolutions on the order of 1 ps may be possiblewith existing devi
es.High-energy physi
s relies on the data produ
ed from 
olliders. These a

el-erators interse
t 
ounter-rotating beams of parti
les. Some ma
hines 
ollide pro-tons with protons (Fermilab and LHC), others ele
trons with positrons (KEK,SLAC Cornell, and Beijing), and others nu
lei with nu
lei (RHIC). When twoparti
les in opposing beams 
ollide, their 
ombined energy is 
onverted into ashower of se
ondary parti
les. By examining the detritus of the 
ollision, ex-perimentalists 
an determine the intermediate parti
les formed, and destroyed,in the instants after the 
ollision. Whi
h parti
les are produ
ed, and how often,gives 
lues about the basi
 physi
s of the standard model.Identifying the se
ondary parti
les is therefore one of the goals of parti
ledete
tors, large devi
es built around the sites where the beams interse
t. Typ-i
ally built in and around a large solenoidal magnet, these dete
tors 
onsist ofvarious devi
es to measure the time, position, dire
tion, and energy of the se
-ondary parti
les. The large magneti
 �eld (typi
ally on the order of 1{2 Tesla),bends the tra
ks of 
harged parti
les, giving a measure of their momentum.The 
harged hadrons �, K, and p, the predominant types produ
ed in 
olli-sions, have very similar intera
tion 
hara
teristi
s and 
an best be distinguishedby measurement of their mass. Mass 
an be measured by 
ombining a velo
itymeasurement with the momentum measurement. This velo
ity measurementis the goal of time-of-
ight (TOF) dete
tors. Sin
e the se
ondary parti
les aretypi
ally moving at nearly the speed of light, the time di�eren
es between dif-ferent parti
les with the same momentum are very small. Figure 1 shows thedi�eren
e in the time it takes the 
harged hadrons to travel 1.5 m, as a fun
tionof momentum. More a

urate mass measurements may also allow the identi�
a-tion of heavy exoti
 parti
les whi
h would otherwise be mis-identi�ed as knownparti
les. 1
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Figure 1: The separations of pions, kaons, and protons, the di�eren
e in the timeit takes two di�erent parti
les with the same momentum to travel 1.5 m, as afun
tion of momentum. Current time-of-
ight dete
tors have a time resolutionof 100 ps.1 OverviewCurrent TOF systems typi
ally 
onsist of an array of s
intillator bars withphotomultiplier tubes (PMTs) at either end. The time resolution of su
h asystem is limited by the di�eren
e in path lengths of individual photons travelingdown the s
intillator to the PMT. Current systems a
hieve a time resolution ofabout 100 ps.We are proposing a di�erent type of TOF system, one in whi
h the parti
lestravel dire
tly through the photodete
tor itself. This requires that the 
ollisionvertex be surrounded by dete
tors. We propose tiling either the inside (for bettertiming) or the outside (for better a

ess) of the solenoid with photodete
tors[1℄, as shown in Figure 2. Cherenkov light would be produ
ed in the windowof the photodete
tor, and would shine dire
tly into the dete
tor. Su
h a setupeliminates both the s
intillation and the boun
ing of light whi
h limit the timeresolution of traditional TOF systems.We aim to a
hieve a TOF resolution on the order of 1 ps. To do this, we needphotodete
tors with superb time resolution. One 
andidate photodete
tor forthis purpose is a mi
ro-
hannel plate photomultiplier tube (MCP PMT). Mi
ro-
hannel plate photomultiplier tubes, shown s
hemati
ally in Figure 3, resembletraditional PMTs, in that light is 
onverted to ele
trons by a photo
athode,and the ele
tron signal is ampli�ed and deposited on an anode to be dete
ted.2



Figure 2: A s
hemati
 showing the pla
ement of photodete
tors around a de-te
tor solenoid 
oil. The dete
tors may also be pla
ed just inside of the 
oil.
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QE

Window Photocathode MCP AnodeFigure 3: A s
hemati
 of the ampli�
ation pro
ess of a mi
ro-
hannel platephotomultiplier tube. A relativisti
 parti
le produ
es Cherenkov radiation inthe window. This radiation is 
onverted into ele
trons by a photo
athode.The ele
trons produ
e a shower in the mi
ro-
hannel plates, and the showeris deposited on the anode to be dete
ted.3



Instead of using a traditional dynode 
hain for ampli�
ation, MCP PMTs useone or more mi
ro-
hannel plates. Mi
ro-
hannel plates are lead-glass platesof order 100 �m{1mm thi
k perforated with an array of 
ylindri
al 
hannelswith diameters of 2{100 �m. When a voltage is applied a
ross the plate, ea
hof these 
hannels a
ts as a dynode 
hain, giving ampli�
ations of 104{107 [2℄.Be
ause of the small 
hannel diameter and 
ompa
tness of the devi
e, whi
h isonly several millimeters thi
k, ele
tron path lengths through the mi
ro-
hannelplate 
annot vary mu
h, leading to better time resolution.In addition to TOF measurements, a dete
tor with a 1 ps time resolution
ould be used to asso
iate photons with 
ollision verti
es. When the two beams
ollide, there may be several individual parti
le 
ollisions, ea
h of whi
h mayprodu
e photons and other parti
les. Being able to measure the arrival timeof the photons to 1 ps would give us sub-millimeter resolution on their pathlength, helping one to distinguish whi
h 
ollision vertex 
reated whi
h photon.2 Cherenkov RadiationCherenkov radiation is produ
ed by a 
harged parti
le in a medium when thevelo
ity of the parti
le ex
eeds the velo
ity of light in that medium [3, 4℄. Sin
ethe velo
ity of light in a medium is 
=n, where n is the index of refra
tion,Cherenkov light will be produ
ed whenever v > 
=n, or using � � v=
, �n > 1.This radiation is produ
ed essentially instantaneously. In the limit of an in�niteradiating medium, it forms a 
oherent wavefront in the shape of a 
one. A littlegeometry shows that the Cherenkov 
one must have an opening half angle of�=2� �
, where 
os �
 = 1�n (1)Sin
e we will be studying 
ases in whi
h the thi
kness of the radiator is on theorder of 1000 times the wavelength of the radiation in question, the in�niteradiator approximation is valid.Cherenkov radiation is `blue'; that is, there is more energy in the shorterwavelengths. The number of photons radiated per wavelength per distan
e is�2N�x�� = 2�Z2��2 �1� 1�2n(�)2� (2)where Z is the 
hange of the parti
le (in multiples of e) and � is the �nestru
ture 
onstant.[3, 4℄ Note that the index of refra
tion generally depends ofthe wavelength. This 
orresponds to several hundred photons per 
entimeterradiated in the visible range. As a rule of thumb, the number of visible photonsper 
entimeter is �N=�x = 400 sin2 �
 [5℄.3 Dete
tionNot all of the photons radiated will be dete
ted, however. Some photons, espe-
ially those near the edge of the transparen
y window, may be lost to absorption4



in the radiator. Others may re
e
t o� the inside edge of the radiator. Moreimportantly, the photo
athode in the photomultiplier will only emit an ele
tronfor some fra
tion of the photons that rea
h the photo
athode. The number ofphoto-ele
trons emitted per in
oming photon is 
alled the quantum eÆ
ien
y(QE) of the photo
athode, and for most photo
athode materials, this numberis less than 25% [6℄.Two main fa
tors will a�e
t the time resolution of the dete
tor. The �rstis the spread in the arrival of the Cherenkov radiation to the photo
athode.When the 
harged parti
le rea
hes the ba
k edge of the radiator, the radiationprodu
ed at the end of its path will also be at the ba
k edge of the radiator.Radiation produ
ed earlier will be spread out in the Cherenkov 
one stret
hingba
k into the radiator. (See Figure 4.) Working out the geometry, we 
an showthat a photon emitted a distan
e x from the rear of the radiator will still haveto 
over a distan
e d = x (�n� 1=�n) to rea
h the end of the radiator when the
harge parti
le exits the radiator. Thus, in a radiator of thi
kness T , the �rstphotons emitted will arrive �t = T�
 ��2n2 � 1� (3)after the last photons emitted. Sin
e the photons are emitted uniformly alongpath of the 
harged parti
le, they will arrive uniformly, negle
ting absorption,during the interval �t. Note that, sin
e n is a fun
tion of wavelength, �t willvary a
ross the spe
trum.The other main fa
tor in the time resolution of the dete
tor is the transittime spread (TTS), or jitter, asso
iated with the photomultiplier tube itself.The time it takes from the 
reation of a photo-ele
tron to the produ
tion of asignal will vary slightly from trial to trial. Some of this variation 
omes fromdi�eren
es in the path length of the �rst photo-ele
tron, but mu
h of it 
omesfrom diÆ
ulties in gathering the signal from all parts of the anode [7℄. Thebest dete
tors 
urrently on the market have transit time spreads of tens ofpi
ose
onds. Burle Industries has developed a 2 �m pore MCP PMT that hasa
hieved a 10 ps TTS [8℄.4 Sample Dete
torsTo understand the 
apabilities of today's state of the art dete
tors, we havesimulated the behavior of some of Hamamatsu's mi
ro-
hannel plate photomul-tiplier tubes (MCP PMTs). Five spe
i�
 models, the R3809U-50, -51, -52, -57,and -58, were sele
ted for study on the strength of their low wavelength be-havior. In a 
ustom design, both the material and the thi
kness of the PMTwindow 
an be 
hosen to optimize performan
e. However, we use the values
ited in a Hamamatsu bro
hure [9℄ for the window material and thi
kness as astarting point for ea
h model. This bro
hure also in
ludes plots of the quantumeÆ
ien
y of the dete
tors versus wavelength. Sin
e these plots are di�erent fordete
tors with the same photo
athode, but di�erent window materials, we see5
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Figure 4: The Cherenkov 
one from a 
harged parti
le traveling along ABwhen the parti
le rea
hes the edge of the radiator, BD. Light emitted at Astill has to travel a distan
e CD to rea
h the edge of the radiator. The 
ir
lesrepresent spheri
al wave-fronts emitted from points along the parti
le's path.The Cherenkov 
one forms where these wave-fronts 
onstru
tively interfere.that these plots in
lude losses due to the window. Sin
e the Cherenkov lightis produ
ed inside the window, not in front of it, we should a
tually get betterdete
tion than predi
ted. A summary of these dete
tors is in
luded as Table 1.All of these dete
tors have a window thi
kness of 3.2 mm.Another Hamamatsu do
ument [10℄ provides an estimate of the TTS of theseMCP PMTs. The dete
tors were exposed to radiation to produ
e a single photo-ele
tion and the times until signal were plotted in a histogram (Figure 5). Theirdistribution has a FWHM of 25 ps. While this distribution was not Gaussian,Model Spe
tral Range (nm) Photo
athode Window Peak JitterR3809U- Min. Peak Max. Material Material QE (%) (ps)50 175 430 850 Multi-alkali Quartz 20 2551 175 600 900 EMAa Quartz 8.3 2552 175 400 650 Bi-alkali Quartz 20 2557 110 230 310 Cs-Te MgF2 11 2558 110 430 850 Multi-alkali MgF2 20 25aExtended Red Multi-alkaliTable 1: Some of the 
hara
teristi
s of the Hamamatsu MCP PMTs, takenfrom [9℄. The jitter is the transit time spread (FWHM) for a singe photo-ele
tron event. 6



the main peak was suÆ
iently 
lose for us to approximate it as su
h. Thus, inthe analysis that follows, we take the transit time spread to be a Gaussian witha FWHM of 25 ps.

Figure 5: The transit time spread for a single photo-ele
tron event in Hama-matsu's MCP PMTs (taken from [10℄).5 Estimating the Number of PhotonsOur �rst goal was to estimate the number of photons of Cherenkov radiationdete
ted by ea
h PMT. This number will be given by integrating Equation 2 overthe thi
kness of the radiator. For ea
h wavelength, the quantum eÆ
ien
y mustbe fa
tored in, and the result 
an be integrated over the dete
table wavelengthsto produ
e the total number of photons dete
ted. Sin
e the parti
les we plan toinvestigate have 
harges of �e, we set Z2 = 1. Sin
e the parti
les will be highlyrelativisti
, we set � = 1. Later, we will estimate the error indu
ed by this.To estimate the values of n(�), we use Sellmeier 
oeÆ
ients for the windowmaterials taken from [11℄. These 
oeÆ
ients attempt to �t n(�)2 toA+ B�2�2 � C + D�2�2 �E (4)We found that this �t was good to the �fth de
imal pla
e for 
rystalline quartz,as 
ompared to the experimental values from [12℄. For the Model -50, -51, and-52 PMTs, whi
h were listed as having windows of \Quartz (Fused sili
a orsyntheti
 sili
a)" [9℄, we used Sellmeier 
oeÆ
ients for SiO2. The -57 and -58PMTs have windows of MgF2, whi
h is birefringent. Birefringent materials aregiven two indi
es of refra
tion: no, the ordinary index, and ne, the extraordinaryindex. The ordinary ray, whi
h vibrates perpendi
ular to the opti
al axis of the7



material, will always travel with an index of refra
tion no. The index for theextraordinary ray will vary between no and ne, depending on the orientation.Sin
e the two indi
es are rather 
lose in MgF2, we 
hose to simply use theordinary index. Sin
e no < ne in the opti
al region, this approximation will notoverestimate the number of photons produ
ed.The quantum eÆ
ien
ies of the photo
athodes (with window losses foldedin) are given as a plot versus wavelength in [9℄. No analyti
 form, however,was given. We approximated the QE by reading the values at several pointsand linearly interpolating between them. In the wavelength range 100 nm to400 nm, where most of the photons will be produ
ed and the QE 
hanges themost dramati
ally, we sampled the QE every 12.5 nm. Above this range, wesampled only every 25 nm.The integration of Equation 2 is handled numeri
ally. For ea
h wavelength,the algorithm solves for the number of photons at a distan
e x from the front ofthe radiator (see Figure 4) by Euler's method, using a step size dx. (Equation2 
ould be integrated exa
tly for x; this method was 
hosen to allow additionalabsorption terms to be added.) On
e the ba
k edge of the radiator has beenrea
hed, the number of photons for ea
h wavelength is multiplied by the quan-tum eÆ
ien
y of the photo
athode at that wavelength to estimate the numberof photons that will a
tually be dete
ted. The resulting values are integratedover � using the trapezoidal method with step size d�.The number of photons predi
ted to be dete
ted for ea
h of the �ve PMTsis listed in Table 2. These integrations were done with step sizes dx = 10 �mand d� = 1 nm. To test that these step sizes were small enough, we ran anintegration with ea
h step size 1/10 of the above values. This result di�ers fromthe previous result by about 0.02%, whi
h means that our grid size is not 
ausingina

ura
ies at a level of 
on
ern to us. It is interesting to 
ompare the Model-50 to the Model -58, as they are identi
al ex
ept for their window material.The quartz window of the Model -58 has a higher index of refra
tion, but is nottransparent as far into the ultraviolet as the MgF2 window of the Model -58.These data show the extra rea
h into the ultraviolet more than makes up forthe lower index of refra
tion, so MgF2 is the preferred window material.All of these values were 
al
ulated under the approximation � = 1. To testthe quality of this approximation, we 
al
ulated the number of photons expe
tedfor the Model -57 and -58 PMTs for � values ranging from 0.9{1. We found thatthe per
entage 
hange in the number of photons was about twi
e the 
hange inModel R3809U- 50 51 52 57 58Window Material Quartz Quartz Quartz MgF2 MgF2Photons Dete
ted 49 13 47 38 74Table 2: The number of photons predi
ted to be dete
ted for ea
h of the PMTs.
8
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Figure 6: The number of photons dete
ted by the Hamamatsu Model -58 PMT,for varying �. While �=K=p dis
rimination will take pla
e in the � = 1 limit,exoti
 parti
les with large mass may be dete
ted at lower �.� (see Fig. 6). This is reasonable, as1N ��� �2N�x�� = 1� 2n2�2 � 1 t 2 (5)for � t 1 and n t 1:5. This result provides a simple rule of thumb for estimatinge�e
t as � de
reases, whi
h is important for sear
hes for heavy exoti
 parti
les.6 Estimating the Time ResolutionTo estimate the time resolution of MCP PMTs, we developed a Monte Carloalgorithm to simulate the emission and dete
tion of Cherenkov radiation. Fromthese simulations we 
an estimate the spread in dete
tion times.The algorithm works by splitting the radiator into a grid in x, the distan
einto the radiator, and �, the wavelength, mu
h like the integration algorithmfrom above. For ea
h point in the grid, �2N=�x�� was 
al
ulated. This wasmultiplied by the grid size dx � d� and by the QE for that wavelength. Theresult was taken to be the probability of emitting a dete
ted photon from thatposition. A uniform random number on the range (0,1℄ was generated, and if itwas less than the probability from above, a photon was emitted. From Equation3, the time of arrival at the photo
athode after the hypotheti
al �rst photon9
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Figure 7: The spread in �rst photon dete
tion times and average photon dete
-tion times for a set of 1000 simulations of Hamamatsu's R3809U-58. Inset isthe number of photoele
trons dete
ted for ea
h of those simulations.was 
al
ulated. A Gaussian random variable, with a mean of 0 and a FWHMof 25 ps, was added to simulate the jitter of the PMT.Two pie
es of information were extra
ted from the photon dete
tion times:the dete
tion time of the �rst photon and the mean of the dete
tion times. In adete
tor, the former would be realized by triggering on the leading edge, whilethe latter might use a 
onstant fra
tion trigger. Additionally, we kept tra
k ofthe total number of photons dete
ted, to assure that the results were 
onsistentwith the previous 
al
ulations. In order to understand the statisti
s of thedete
tion times, we ran the simulations many times for ea
h PMT and 
al
ulatedboth the average and root mean squared (RMS) values for the data set. Wefound that simulation blo
ks of 1000 runs produ
ed both average and RMSvalues that di�ered by around 1%, whi
h is a

urate enough for our purposes.Be
ause of the number of runs needed, we used a larger grid spa
ing than wasused for the 
al
ulation of number of photons: dx = 100 �m and d� = 10 nm.One blo
k of runs done with the grid spa
ing 1/10 as large in both x and �produ
ed results that agreed with the looser grid spa
ing to within 1%.The results for the �ve PMTs are summarized in Table 3. In all 
asesthe number of photons generated were distributed in a Gaussian around thevalue 
al
ulated in the previous se
tion. The mean photon dete
tion times alsodisplayed a Gaussian distribution, while the �rst photon dete
tion times did10



Model R3809U- 50 51 52 57 58First Photon TimeMean (ps) -18.83 -11.91 -18.49 -17.85 -20.84RMS (ps) 5.266 6.493 5.575 5.405 5.295Average Photon TimeMean (ps) 6.496 6.412 6.604 6.188 5.637RMS (ps) 1.682 3.129 1.691 1.922 1.347Table 3: The mean and RMS of the �rst photon dete
tion time and the averagephoton dete
tion time. Time 0 is the ideal �rst photon time.Transit Time Spread (FWHM) (ps) 25 20 15 10 5Average Photon Time RMS (ps) 1.318 1.043 0.8374 0.6432 0.4805Table 4: The variation of the average photon dete
tion time RMS with 
hangingtransit time spread of the PMT. All other PMT 
hara
teristi
s are those of theModel -58. Burle Industries has developed a MCP PMT with a TTS of 10 ps.[8℄not. These distributions displayed a long tail toward negative (earlier) timeswith a sharp 
ut o� on the other side of the peak.A large 
omponent of the spread in the dete
tion times is due to the jitterin the individual photon dete
tion. However, the sto
hasti
 nature of bothphoton emission and photon dete
tion also 
ontributes to the dete
tion timespread. Therefore, while improving the transit time spread of the PMT willimprove the overall time resolution, the amount of improvement is limited. Sin
ere
ent advan
es have produ
ed PMTs with transit time spread of less than10 ps [8℄, we modeled the average photon dete
tion time for a PMT with thesame 
hara
teristi
s as Hamamatsu's Model -58, but with redu
ed transit timespreads. The results are shown in Table 4. This demonstrates that signi�
antimprovement 
ould be made by redu
ing the transit time spread to 10 ps orless, and that 1 ps resolution is in prin
iple a
hievable.7 Non-Normal In
iden
eUp until this point, we have been assuming that the parti
le to be dete
ted ismoving normal to the surfa
e of the dete
tor. While this greatly simpli�es the
al
ulations, it is not representative of the geometry of a parti
le dete
tor (seeFigure 2). Parti
le paths will be bent by the solenoidal magneti
 �eld of thedete
tor, although, for the high-energy parti
les in whi
h we are interested, thise�e
t will be minimal. More importantly, the PMTs will not, in general, bedire
tly fa
ing the 
ollision vertex. For the simple arrangement where PMTsare tiled in a 
ylinder around the beam line, an un-
urved tra
k will have anangle of in
iden
e of about 45Æ for the outer-most PMTs.We adapted the Monte Carlo algorithm to simulate the emission of Cheren-11



kov light from a parti
le tra
k at an angle of � to the normal. There are twomain e�e
ts of this 
hange: a longer parti
le tra
k through the radiator andthe loss of azimuthal symmetry. The �rst is a

ommodated by in
reasing thewindow thi
kness by a fa
tor of 1= 
os�. This allows us to use the same stepsize as before, whi
h was shown to be small enough to be a

urate. To a

ountfor the loss of symmetry, ea
h photon generated is randomly assigned an angle , whi
h represents the angle between the photon's path and the normal plane
ontaining the parti
le tra
k. As derived in Appendix A, the time delay for aphoton emitted a distan
e x from the ba
k of the radiator, as measured alongthe tra
k of the parti
le, to rea
h the ba
k of the radiator is given by�t = x�
  �2n21 + 
os tan�p�2n2 � 1 � 1! (6)It should be noted that, if � > �
, the Cherenkov angle, �t may run negativefor small values of  . Additionally, if � > �=2� �
, photons with  near � willnot hit the ba
k fa
e of the radiator. Sin
e these will show up as negative times,
are must be taken to determine the legitima
y of negative times.When � > �=2� �
, there is the possibility that a photon may be emittednearly parallel to the ba
k fa
e of the radiator. Su
h a photon would have a verylarge �t. Even one su
h value 
an greatly disrupt the statisti
s of the averagephoton time. Moreover, these photons would not be important for timing: thearrival time, even in an averaging s
heme would depend of the initial pulse ofphotons, not on any stragglers. Therefore, we dis
ard all photon arrival timesof more than 150 ps, the rise time of the Hamamatsu MCP PMTs. Sin
e mostof the photons arrive in a mu
h shorter window (as shown later; see Figure 8),the total pulse will fall o� after about 150 ps. Any photon arriving after thattime will not a�e
t the result.For ea
h in a series of angles �, 1000 simulations were run of the Model -58MCP PMT, with the same settings used previously. The �rst photon dete
tiontime, the average photon dete
tion time, and the number of photons were 
ol-le
ted. The results are listed in Table 5. It should be noted that for MgF2 �
 isroughly �=4. The RMS of the �rst photon time is fairly 
onstant for all angles,but the mean shifts signi�
antly for large angles. Using the �rst photon timewould give a 
onstant time resolution, but the shift in the mean would 
ausea systemati
 e�e
t if not a

ounted for. The average photon time gives bettertime resolution, although this resolution does shift signi�
antly. Also, the aver-age photon time shifts non-monotoni
ally with in
ident angle, whi
h would alsorequire a 
orre
tion.Thus far, we have assumed that all of the photons produ
ed will make itthrough the interfa
e between the rear of the radiator and the photo
athode. Inreality, the radiator and photo
athode will have di�erent indi
es of refra
tion,and only a fra
tion of the photons, depending on the angle of in
iden
e andpolarization, will make it through the interfa
e.The probability that a photon is transmitted through an interfa
e dependson its polarization. For light polarized in the plane of in
iden
e, the probability12



is Tp = 4n0 n1 
os �0 
os �1(n1 
os �0 + n0 
os �1)2 (7)while for polarization perpendi
ular to the plane of in
iden
e, it isTs = 4n0 n1 
os �0 
os �1(n0 
os �0 + n1 
os �1)2 (8)where n0 and n1 are the indi
es of refra
tion and �0 and �1 are the angles of thephoton's path to the normal in the two materials [13℄. Cherenkov light is polar-ized in the plane 
ontaining the photon and the parti
le tra
k [14℄. Combiningthese, we �nd that the probability that a Cherenkov photon is transmittedthrough the rear interfa
e of the radiator isT = 4n0 n1 
os� 
os �1 
os2 �(n0 
os �1 + n1 
os�)2 + sin2 �(n0 
os�+ n1 
os �1)2! (9)where 
os� = 
os� 
os �
 + 
os sin� sin �
 (10)
os � = 1sin� (
os� sin �
 � 
os sin� 
os �
) (11)
os �1 = s1� n02n12 sin2 � (12)The details of this 
al
ulation are in Appendix B. This probability was addedinto the Monte Carlo simulation.The index of refra
tion of photon 
athode materials is, in general, between2 and 3 [15℄. This means that the index of refra
tion of the photo
athodematerial is greater than the index of refra
tion of the window material, so thereis no 
han
e for total internal re
e
tion. The �rst photon times, average photontimes, and numbers of photons for various angles when n1 = 2:0 and n1 = 3:0are listed in Tables 6 and 7, respe
tively. There are relatively few di�eren
esbetween the two sets of results, espe
ially for low angles. Sin
e 2.0 is 
loser thethe index of refra
tion of MgF2, fewer photons are re
e
ted, and the averagetime RMS is slightly lower in this 
ase, so more photons are dete
ted. Sin
egrazing-in
iden
e photons are more likely to be re
e
ted than normal in
iden
ephotons, the average photon time RMS is slightly better in both of these 
asesthan it is for the 
ase with no losses at the interfa
e.We 
an also examine the distribution of photon arrival times dire
tly. Figure8 shows these distributions for various angles of in
iden
e when n1 = 2:0. Onthese plots, the thi
k 
urve is a sample data set, and the shaded 
urve is theaverage of 100 runs. While individual runs do not have enough data pointsto give a ni
e 
urve, we 
an see from the average that the parent distributionis mostly Gaussian. As the angle of in
iden
e in
reases, a slight tail to largetimes appears, the result of grazing-in
iden
e photons. Sin
e the majority ofthe photons fall on the Gaussian part of the 
urve, the 150 ps 
ut-o� dis
ussedbefore is reasonable. 13



Angle First Photon Time Average Photon Time Number of Photons(�=2) Mean (ps) RMS (ps) Mean (ps) RMS (ps) Mean RMS0 -21.03 5.118 5.747 1.296 71.32 8.0140.125 -21.02 4.945 6.124 1.275 73.46 8.0950.25 -21.22 5.089 7.639 1.464 77.86 8.5280.375 -21.49 4.687 12.28 2.161 84.73 8.8320.5 -22.65 4.741 15.76 3.166 85.44 9.0890.625 -24.72 4.778 10.70 2.763 90.12 9.4910.75 -30.03 4.676 6.391 2.235 114.9 10.230.875 -52.37 5.402 -5.436 1.943 200.7 13.28Table 5: Results for a Model -58 PMT with the parti
le in
ident at variousangles. For ea
h angle, 1000 runs were 
ondu
ted.Angle First Photon Time Average Photon Time Number of Photons(�=2) Mean (ps) RMS (ps) Mean (ps) RMS (ps) Mean RMS0 -20.58 4.913 5.740 1.320 70.65 7.9000.125 -20.69 4.820 6.192 1.326 72.85 8.3580.25 -21.34 5.085 4.608 1.455 75.83 8.2910.375 -21.31 5.091 11.09 2.137 77.54 8.4960.5 -22.58 5.023 11.05 2.698 72.73 8.1900.625 -24.56 4.780 6.685 2.282 76.15 8.5370.75 -30.34 4.965 2.106 1.991 95.84 9.5620.875 -52.22 5.192 -10.52 1.630 165.3 12.57Table 6: Results for various angles of in
iden
e with re
e
tion losses in
luded.n1 = 2:0.Angle First Photon Time Average Photon Time Number of Photons(�=2) Mean (ps) RMS (ps) Mean (ps) RMS (ps) Mean RMS0 -20.84 4.969 5.758 1.368 67.83 8.0910.125 -20.43 4.957 6.233 1.352 69.60 7.9630.25 -20.79 5.019 7.788 1.551 72.31 8.5920.375 -20.71 4.934 11.86 2.233 73.11 8.3630.5 -21.52 5.105 11.94 3.088 64.78 7.7690.625 -24.25 4.929 6.721 2.572 65.14 8.1750.75 -29.69 4.969 1.355 1.966 79.39 8.6470.875 -51.55 5.794 -11.78 1.615 136.4 11.78Table 7: Results for various angles of in
iden
e with re
e
tion losses in
luded.n1 = 3:0. 14
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Figure 8: Photon arrival times for the Model -58, with internal re
e
tion forn1 = 2:0, for angles of in
iden
e from (a) 0 to (h) 7�=16, in steps of �=16. Thetimes are grouped in bins of 3 ps. The thi
k 
urve is an example pulse; theshaded 
urve is an average of 100 sets of data.15



8 Obsta
lesWhile we have shown that this new time-of-
ight system is feasible with 
urrentte
hnology, many te
hni
al 
hallenges remain.The 
urrent high time resolution MCPs tend to be small; the HamamatsuMCP PMTs studied have an 
ir
ular a
tive area with an a
tive area of 11 mm.Larger MCPs have been made, but these have larger pores and do not have thene
essary time resolution. Large but fast MCP PMTs must be developed forthis system to be feasible.Mi
ro-
hannel plate PMTs will probably not fun
tion well in the large mag-neti
 �elds inside of the dete
tor 
oil. If pla
ed outside of the 
oil, the systemwould also dete
t showers produ
ed in the 
oil. For parti
les moving at an angleto the dete
tor, these showers 
ould potentially trigger the time-of-
ight systembefore the original parti
le does. This 
an probably be over
ome with a dete
torsuÆ
iently segmented, so that the parti
le tra
k 
an be proje
ted through the
oil to a spe
i�
 element of the time-of-
ight system.If the time-of-
ight system is to have pi
ose
ond resolution, ele
troni
s 
a-pable of measuring 1 ps must be developed. This will probably ne
essitate a
ustom 
hip on ea
h MCP PMT. We are investigating the ele
troni
s design,whi
h may involve a sub-divided anode with impedan
e-mat
hed strip lines lead-ing to the output and a \vernier" s
heme of mixing the output with a referen
esignal.Finally, this system would require thousands of MCP PMTs and would beexpensive. We are 
on�dent that, if the other problems are over
ome, thissystem would be worth its 
ost.9 Con
lusionWe have proposed a new time-of-
ight system in whi
h mi
ro-
hannel platephotomultiplier tubes surround and look in at the 
ollision vertex. Cherenkovlight produ
ed in the MCP PMT windows by the se
ondary parti
les is used fordete
tion. Presently, the time resolution of su
h a system would be limited bythe transit time spread of the MCP PMT. With 
urrently available devi
es, wepredi
t this system 
ould a
hieve a time resolution near 1 ps. This predi
tionis based solely on simulations; a physi
al proof-of-
on
ept test is still needed.A
knowledgmentsWe thank Paul Hink, Bru
e Laprade, John Martin, and Wilma Raso, from BurleIndustries; Mario Kasahara, from Hamamatsu Corporation, for their assistan
eon the properties of MCP PMTs. We also thank Alan Bross and KastsushiArisaka for useful dis
ussions and guidan
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on
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A Geometry of Non-normal In
iden
eThe geometry of non-normal in
iden
e is sket
hed in Figure 9. Figure 9(a)shows the overview of the situation. The parti
le is moving along AO, at anangle � to the normal to the ba
k of the radiator (the plane 
ontaining OC). Aphoton is emitted at point A, with a path that makes on angle of � � �
, theCherenkov angle, to the path of the parti
le. This path is rotated  from thenormal to the surfa
e. The photon passes through the plane perpendi
ular tothe parti
le tra
k at B, and hits the ba
k of the radiator at C. We want to �ndthe distan
e AC .Figure 9(b) shows the relevant part of Figure 9(a), and Figure 9(
) showsjust the plane 
ontaining triangle AOC. Combining the de�nition 
 � OB withthe de�nition of m in 9(b), we see
 sin� = m 
os� (13)from whi
h we get 
m = 
os�sin� = � 
os�
os (14)Also from Figure 9(
), we get the following relations:
 = x tan � (15)b = x
os � (16)` = b0 sin � (17)tan� = m sin�
 (18)tan� = yL (19)Plugging Equation 14 into Equation 18, and 
ombining it with Equation 19gives us yL = � tan� 
os (20)Next, note that 
ot � = x+ yL (21)Using Equation 20, 
ot � = xL � tan� 
os (22)so L � `+ 
 = x
ot � + tan� 
os (23)From Equations 15 and 17, we haveb0 sin � + x tan � = x
ot � + tan� 
os 18



Figure 9: A parti
le moving along AO emits a Cherenkov photon at A, whi
hrea
hes the ba
k of the radiator at C. We wish to determine the di�eren
ebetween the time when the parti
le rea
hes O and the photon rea
hes C interms of the distan
e x and the angles �, �, and  .19



b0 = xsin � � x
ot � + tan� 
os � tan ��b0 = x
os � � 11 + 
os tan� tan � � 1� (24)Adding Equation 16, we haveb+ b0 = x
os � � 11 + 
os tan� tan �� (25)The parti
le is moving at a velo
ity of 
�, so it will take a time x=
� to rea
hthe ba
k edge of the radiator. The photon, however, is moving at a velo
ity of
=n, so it will take (b+ b0)n=
 to rea
h the ba
k of the radiator. Using Equation1 for 
os �, we �nd the time di�eren
e to be�t = x�n2
 � 11 + 
os tan� tan ��� x
� (26)whi
h simpli�es to�t = x�
  �2n21 + 
os tan�p�2n2 � 1 � 1! (27)B Transmission of Cherenkov LightThe transmission of light at an interfa
e depends on its polarization. ConsiderFigure 10: a light ray is in
ident on the interfa
e between a material withindex of refra
tion n0 and a material with index of refra
tion n1. The planeof in
iden
e is is the plane of the paper. The angles �0 and �1 are related bySnell's Law: n0 sin �0 = n1 sin �1 (28)If the light is polarized so that the ele
tri
 �eld points in the plane of in
iden
e,as shown by the Ep ve
tors, the intensity transmission 
oeÆ
ient, the fra
tionof the energy to be transmitted, isTp = 4n0 n1 
os �0 
os �1(n1 
os �0 + n0 
os �1)2 (29)When the ele
tri
 �eld is polarized perpendi
ular to the plane of in
iden
e, asshown by Es, the intensity transmission 
oeÆ
ient isTs = 4n0 n1 
os �0 
os �1(n0 
os �0 + n1 
os �1)2 (30)These expressions are derived in [13℄. Sin
e ea
h photon 
arries a 
ertain amountof energy, these 
oeÆ
ients are also the probability for the transmission of aphoton with one of the polarizations. 20
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Figure 10: A ray of light is in
ident on the interfa
e between two materials withdi�erent indi
es of refra
tion. The amount of light re
e
ted and the amounttransmitted depends on if the ele
tri
 �eld is in the plane of in
iden
e (Ep) ornormal to the plane of in
iden
e (Es).

Figure 11: The relevant geometry for determining the probability of a photonbeing transmitted at the interfa
e between the radiator and the photo
athode.The parti
le is traveling along AO and emits a Cherenkov photon along AC .The photon is polarized with the ele
tri
 �eld parallel to EO. � � \DAC and� � \FEO. 21



The geometry of non-normal in
iden
e is sket
hed in Figure 11. As in Figure11, the parti
le travels along AO, emitting a Cherenkov photon that travelsalong AC. 4DOC lies in the rear plane of the radiator, and AD is a normal tothis surfa
e. Thus, 4ACD lies in the plane of in
iden
e. � and � are de�nedas before; � is used as the angle of in
iden
e. As in Figure 9, AO = x andAC = b+ b0. Thus,
os� = AD=AC= x 
os�b+ b0= x 
os�
os�x (1 + 
os tan� tan �)
os� = 
os� 
os � + 
os sin� sin � (31)Also, from Snell's Law, we �ndsin �1 = n0n1 sin� (32)Cherenkov radiation is polarized with the ele
tri
 �eld in the plane with theparti
le tra
k [14℄. Therefore, a Cherenkov photon will be polarized parallel tothe line EO, at an angle of � to the plane of in
iden
e. In quantum me
hani
s,the probability of measuring a parti
le in some state to be in a given eigen-stateis proportional to the square of the inner produ
t of the two states. Thus, thephoton will resolve into the p state with probability 
os2 � and be in the s statewith probability sin2 �. The probability for the photon to be transmitted isT = Tp 
os2 � + Ts sin2 � (33)From Figure 11(
), with AO = x, we haveEO = x sin � (34)AE = x 
os � (35)Figure 11(d) gives us tan� = CE=EF (36)Sin
e CE = AC �AE = b+ b0 � x 
os � (37)we get EF = 1tan� (b+ b0 � x 
os �) (38)From Figure 11(b),
os � = EF=EO= 1x sin � tan� � x
os � � 11 + 
os tan� tan ��� x 
os ��22



= 1
os � sin � tan� �1� 
os2 � (1 + 
os tan� tan �)1 + 
os tan� tan � �= 
os� 
os� 
os �
os � sin � sin� �1� 
os2 � � 
os tan� sin � 
os �
os� 
os � + 
os sin� sin � �= 
os�sin � sin� �sin2 � � 
os tan� sin � 
os ��
os � = 1sin� (
os� sin � � 
os sin� 
os �) (39)Combining Equation 33 with Equations 31, 32, and 39, we get the result quotedin Se
tion 7.
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